
Math 4210 Assignment 3

Due time: April 17th, 2024, 23:59

Question 1
We observe the prices (at time t = 0) of the following European call/put

options on the market. Suppose that the interest rate r = 0, and the initial price

of the underlying stock is S0 = 100. Please construct a portfolio, using these

options together with the cash (bank account), to find an arbitrage opportunity.

Option Type Strike Maturity Option Price at time t = 0

Put 90 2 6

Call 100 1 11

Put 110 2 14

Question 2
Lily has a 15 years home mortgage. She needs to pay $12000 at the end of

each quarter (i.e. every 3 months) for the next 15 years. The interest on the

loan is compounded quarterly with annual nominal rate 2%.

She would like to refinance the loan to a 30 year loan which is paid monthly,

with annual nominal rate 3% compounded monthly. What is her new monthly

payment ?

Notice: For both loans, the payments are made at the end of each period, i.e.

there is no payment at the initial time 0.

Question 3

1. Apply Itô formula on f(t, x) = tx to prove that

tBt =
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0
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2. Deduce from above result that
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Question 4
We consider a continuous time market, where the interest rate r � 0, and

the risky asset S = (St)0tT follows the Black-Scholes model with initial value

S0 = 1, drift µ and volatility � > 0 (without any dividend), so that

St = S0 exp
�
(µ� �2/2)t+ �Bt

�
.

a) A self-financing portfolio is given by (x,�), where x represents the initial

wealth of the portfolio, and �t represents the number of risky asset in the

portfolio at time t. Let (⇧x,�
t )t2[0,T ] be the wealth process of the portfolio,

write down the dynamic of ⇧
x,�

in form of

d⇧x,�
t = ↵tdt+ �dBt, for some (to be founded) process (↵,�).

b) There exists a unique risky-neutral probability Q, together with a Brow-

nian motion BQ
under the probability measure Q.

Please give the expression of the process St as a function of (t, BQ
t ).

c) We first consider an option with payo↵ g(ST ) = S2
T at maturity T .

– Compute the value

V0 := EQ⇥e�rTS2
T

⇤
.

– Let v(t, x) := x2
exp

�
(r + �2

)(T � t)
�
, compute @tv, @xv and @2

xxv,
and then check that v satisfies the equation

@tv(t, x)+rx@xv(t, x)+
1

2
�2x2@2

xxv(t, x)�rv(t, x) = 0, v(T, x) = x2.

– Let S̃t := e�rtSt and g̃(St) := e�rtg(St) for all t � 0. Notice that

both St and S̃t are functions of (t, Bt), apply the Itô formula on

e�rtv(t, St) to deduce that

g̃(ST ) = V0 +

Z T

0
�tdS̃t, where �t := @xv(t, St).

Deduce that V0 is the (no-arbitrage) price of the option g(ST ) = S2
T .
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